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A Note on the Non-classical Heat conduction

N .  P e t r o v  N .  V u l c h a n o v

A funciarnental drawback of the classical t trer.,ry of heat concluc-
l ion [1] is that al loivs for ini ini te velocity of propagation of thernral perturba-
t ions, which i .s physical lv unreal ist ic. This paradoi [as f irst been discussed bv
Maxwell [2J who generai]zed the classical Fourier theor,v [1]. NowuOay.i ri*i-
J3{ g.n.tulizations have bgen -pr.oposed by Cattaneo [3]," Vbinotte t4), Luikov
[5] '  etc. They reduce to the fol lowing concluctive heat ' i lu^, h,, ,  eqiai ion '

( l ) hu-l r,u# .= -)n,u,,

u'here z, is the thermal stress relaxatiotr tirne ancl (.),, denotes clifferentiation
along the coordinatg *,,  k, ! :1, 2, 3, and 0is the therinodvnamic temperature.

The inf inite velocity of propagation paradoxe has beeri rernoved also in
the tt todel of thernroelastic media whose therntodynamic behaviour deptnds or1
the t inre rate of change of {) [6f ,  rvirere ttre he at" f lux is givcn bv :

It u:. b,, - Ar,, a',

for the case of non-deforrnable rneci ia. In eqs, (1), (2) i , , ,  an,J ht, l re r irateri ;r l
constants.

.Purpose of the present paper is to derive a r igorous fonnulat i t ln of heat
conduction phetrotnetra in non-defortnable rnaterials, thus general izing a nul l i -
ber of heat conduction tnodels, that irave appearecl in l i tEratr-rre anci also pro-
cluci i ig soti te new onc)^.

Having in . i l r ind the general theorl of farl ing meixory cievelopecl by Cc., le-
l l ran' etc. [7- 9], the neces-sary and suff icient coni i t ions to s'at isfy the i  and II
principles of therrnodvnanrics in f lre forrn of a Clausiu_s-Duhen"inequali t_v for
non-deforrnable rnateriais i f  the val icl i l t rr  of :
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where fr is the free energ)', ri 'hich is a function of the present state of the
s1'stenr ,lft) and a f unctional of tire hystory of the system IF(s);

,1(t'1 : (g(t) - {J 0, 0.h(t. )r

(7) 77'1rf:  Iqt-s): (0r(s)*t)( l) ,  g,, ,(s)r;  s((0, ' .)

lv i rere ( .  , .  ) t  is  the t ransposed quant i t r ' .
Eqs. (3), (4) imply that the free energy density v and the entropy den-

sitr,  , i  do not depend on the present value of the temperature gradient 0,0(i) .
The dependence of the rnentioned variables on the temperature gradient 's hystory
has been argued by Colernan, etc. [10, 11]. Tirey state, that i f  the hystory of the
tenrperature gradient is considered as an independant variable, the principle
of local act ion would be violated, which is an analog of introducing the second
defonnation gradient as an independant variable for the case of deformable
rnaterials, and hence they neglect i t ,  [8, 9, 12J. I t  iv i l l  be shown here that as-
suming weak non-local i ty in the above sense enables one to general ize consi-
derabiy the heat conduction niodels of non-deformable materials, to forntulate
a uiodei of the phenornenon nlentioned rvhich produces as particular cases all
l inear heat conduction rnodel-s, knoivn to the authors presently, and give r ise
to new ones.

Let the f ree energy'! ,  be a quadratic functional of the kind:
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Eqs. (3)_-(9) f  ield for t t ie entropy densitv r7:
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The dissipation inequali t) ' ,  eq. (5), takes the forrn :
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(13) I 'u(t)i [,Utr, 0) (0(l-s)-0(/);r/s ,* i*0,,o,0, tr,t(t- s)ds-hu.
r! i,t

A necessary' lnd sufficient condition that the dissipation inequality, €g.(l?)' be satisfied for an arbitrary aclmissible thermoclvnarnic proiess is the
va l id i ty  o f  :
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rvhere ; i  nr(s,,  s:) is posit ive r^erni-cl i f ini te and iu, - negative serni-cl i f ini te.
Fror i i  eqs. (13)  and (1 '1) , ,  one obta ins the fo l lowins genera l ized heat  f lux

equa t ion :

(15) ho(t) :  -  ^ktH.t+ i*, ,r ,0) g,,  ( /-s)ds* i tufr,  0) (u(t-s 1-t)(t))rts.
t !

, i  I t  is eq.( i5) that general izes al l  l inear heat concluction theories knor,vn tot l te authors unti l  this manuscript was preparecl.  Thus, in the absence of r lernorl
e f fec t s :  

I  I

(16)  Rn,(s ,  0)==0,  A/u(r ,  0) :0:  s  (  (0 ,  , . .o)

the Fourier heat f lux equation is obtained. I f  :

(rT) Ru,(s, o) :  y ; i r ,  *,r ,  o)==o; s ( (0, , .)
one has eq.  (1)  rvhere ,4u,  is  rnater ia l  constant  tensor .  Let :
(18) inr-},  tr /o(s, o)==o ; s ( (0, :c )
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t h a n  f r o r n  e q s . ( 1 5 )  a n d  ( 1 8 )  o n e  g e t s :

(19) ou=. 
"i 
Ro,(s, o) g,, (l-s)r/s

()

u ,h ic l i  was  proposec l  bv  Gur t in  and P ipk in  [13 ] ,  r , v l i i l e  i f  :

(20) A' 'u(s,  o)*-o;  s (  (0,  , ,  )
f rorn  eqs,  (15)  and (20) ;

T
(21) h uU):  - inr0, ,  *  |  t?t , t (s,  0) 8, ,  ( l -s)ds

ii

forrnulated ancl studied bv Nunziato [11j.  For the case :
(22)  Ru,(s ,  01-=g;  s  (  (0 ,  .a)

the heat  f lux equat ion is  of  the fonn :

T
(23)  hr-  - iu ,  g . , *  /  t ru( r ,0)  ( rJ( l -s) -  o( t ) r ts .

ti
Suppose now that the s1'.steur is characterized by a very strongly facl ing rne-
lllorll -_in this case the kernel ,V(s, 0) might bC approiinratecl bv the asyrn-
tnetr ic  Di ra l i  funct ion and i ts  der ivat ive as:

(24) .,V(s, 0).=,4p ,f +(s) * B u nf; a --tr t

where .4r and & are tnaterial constant vectors. Then eqs, (15) and (24) yield
the ntodel of Green and l- inclsav [G], eq. (2). I f  l ike 

'eq. 
(2a;, one isrun,es

that  :

(2,5) '  
Ro,(s, O)-A*,d. (s) - Bo, * a*(r)

i t  fol iows t ir i r t  :

(26) lt o: (),0,- Au) o ,,1- B u, 
uff + a uo#

rvhich is not known to the authors frorn l i terature.
Thus i t  can be seen that ut i l iz ing the forntal isnr clescribed above, one is

able to formulate a general nrodel ol heat conduction phenonrena, which
yields as part icular cases a nurnber of known l inear heat conduction models ancl
girres r ise to new ones too.

Receiued 24. XI. 1980.
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