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The electro-mechanical interaction in human and animal bones under physio-
logic moisture conditions is a subject of intensive investigations. A theore-
tical model of this phenomenon is not offered up to now, in spite of the
existing numerous experimental data. Some scientists share the opinion that
“at~the present time mathematical formulation based on a theoretical struc-
ture is not possiole” [1].

In order to explain the electro-mechanical behaviour of physiologic wet
bones the author of this paper offers a thermodynamic model where the
bone is counsidered to be electrically conductive, chemically reactive and
electrically polarized continuum [2].

In the present paper some of the results following from the above

mentioned theory are investigated and compared with a part of the existing
experimental data.

I. Mathematical Model

Numerous investigations show that dry bones, additionally moistured in a
physiologic solution react upon a mechanical load with electric signal ana-
logical to the behaviour of the bones “in vivo” [3]. Since the chemical
processes do not play any significant role in these cases, they will be neglected
in the present considerations. For the sake of further simplification the
thermomechanical interaction will be neglected too. It will be admitted also
that the examined body is one-dimensional. The basic equations, representing

the mathematical model of the examined medium under the above assump-
tions are:
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(1.1) oZe = I, 0<x<l, 0<t<,
L
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a 0
(1.2) = q+352=0,

0
(1.3) % D= 4nq,
(1.4) e=aT+dE,
(1.5) D=dT+5E,
(1.6) J0 = o 0E—0 %,
”n
(.7 g=2'q",
=1
n
(1.8) j= 27,
=1
) du
(1.9) a2,
-9
(1.10) E=-"%,

), o) a, 3>0,

where 4, T and ¢ are the displacement, the mechanical stress and the de-
formation, respectively ; ¢t and f» are the electric charge density and the
conduction current of the /" kind carriers] ¢ amt—f -are the todal density .of
charge and the total conduction current; E, D and ¢ are the electric Torce, ~
the electric displacement and the electric potential, correspondingly; a, d, s,
o™ and »® are the elastic modulus, the piezoelectric constant, the dielectric
permeability, the electric conductivity and the diffusive mobility of the [th
kind charge carriers.

For the sake of further simplification of the mathematical model it will
be assumed that the considered body is subjected to a quasistatic mechani-
cal load and that all charge carriers are characterized by the same diffusive
mobility. Under the above assumptions the basic equations, describing the
behaviour of the considered medium are:

d
(1.11) = T=0,
0 o .
(1.12) 9 +57/=0
0
(1.13) 5= D=4nq,
(1.14) e=aT+dE,
(1.15) D=dT+3E,
. d
(1.16) j=aE.—;¢ % ’
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(1.17) E--%,
where

n
o= D) o®, x=n®, 1=1,2,...,n

=1

It will be accepted that there is no external electric field acting on the
body and the charge carriers do not go out of the sample. Under these
assumptions the boundary conditions for ¥ and j are:

(1.18) D=j=0 for x=0, L 0<t<oo.

At the initial moment the sample is in its reference state in which the
local condition of electroneutrality ¢=0 is satisfied everywhere.
From equations (1.11) —(1.17), from the boundary conditions of ¥ and

J and the initial condition of ¢ the following boundary problem is obtained:

(1.19) 2 +g=x30, 0<x<L, 0<t<cn,
(1.20) S o= =~ T, 0<t<oy,
(1.21) g(x,0)=0, O0<x<L.

Let us consider the case when the mechanical load applied to the sample
is a rectangular impulse:

{0, at t<0,
(1.22) T=|const, at 0<t= ¢,
0, at £>¢,

After calculations, the solution of the boundary problem (1.19 —1.21)
in the time interval (0 t} is found to be in the form:

(1.23) q(x, H=q(x)+v(x, t),
where
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(1.25) ux, )= — —Za,,eﬁ( L cos - x,

n=1

0
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Taking into account the fact that the physiologic wet bones are cha-
racterized by a high conductivity ¢ and a small diffusive mobility » and
neglecting the constants of higher order, it is obtained:

— d1/ 6 -2 Ex 2 ’E(x—L)
(1-26) q(x): __27 l/;lg;‘ T (e JS% —e JB# )’
o — [i” o, @_ﬂ&'i] ¢
(x,f).. 4ol yve " E T 2k Dux
(1.27) VRO e s S L

E] 2

The series (1.27) is uniformly converging, since it is majorized by
the series

4dol % 1
T onx s (Jk 1)
- : k=0
the value of which is dol |
29%

From equations (1.13), (1.15), (1.26), (1.27) and the boundary conditions
for P, an egpression for the electric field £ is obtained:

- ;"—Ux p /i XL}
(1.28) E;:——_‘;_T<g S RN L>

_ [4«34 2R+ 1)t ]
s T (PR lax R

20 (2k+1) {4;"’#7’”22)2_”3‘

_16deT ¥ e

Integrating equation (1.28) in the interval (0, L) an expression of the
potential difference is obtained:

. [4:z_o+ 2k +1)%n%s ]t

% o 32deLT N e L° r
(1 29) (p::d ‘l/»r,m T+ pinab e S - » .
) 2a :0 (2k+1)2[§_gg+(2k +1)2a?

12

In the case when the relation between the diffusive mobility x and.fhe
conductivity o is a negligibly small value, with a boundary transition

%—30, the following expression for the potential is obtained f.ro‘m,(l.29)'

(1.30) o=2tTe

It the duration of the applied fec’tangular stress impulée is sufficieri-ﬂy
long the process at the moment ¢, is in its steady state. The corresponding
expressions for g, F and ¢ are:

‘ — e e
(1.31) q(x ::%V%T(g 2\'9% ‘_82 Sn( L)>,
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(1.32) E(x)-—ﬂ%T<e‘2VZZ e z\/—(x u)

(1.33) o= d‘/m .

The distribution of the electric charges ¢(x, ¢) after the moment £, is
determined by the boundary problem:

(1.39) S g g Th, 0<x<L O<t< o,
(1.35) i G0 5 et =0, fo<I<or,

, d1/ e PN 9 (r—1)
(1.36) q(x,to):7L ;::T(e Varx _ \/ )

The solution of the boundary problem "(1.34)—(1.36) is:
_ [4";’ ‘T‘J?‘k.__*‘“[-?z‘“&‘ '1'(? =ty

o0

4(10 A ® (2k4-1) ax
k=0 5 72

The corresponding solutions of the electric -iield £ and the potential
@ arc: ’

[470 (°k+L1)-x,¢](’ —t

16do.. \7 e = (k4 Dax
(1.38)  E(x, )= ——°T D 'sin 2,
F S (2en]d "2“@[12’)2&1 L
' [&‘34_"”——%”’""” Jee—t
32d0L \7 e ®
(1.39) o(t)="5 \

r
In the case when the ditfusive mobility x is a very small value, with the

help of a boundary transition, the following expressxon of the potential ¢
is obtained from equation (1 39)

A./ 2,1
= (2k+1)2\‘-1—’59+(2k+”2" l

4ng

(1.40) o)=L T

II. Discussion on the Obtained Résults and their Comparison
with the Existing Experimental Data
In Fig. 1 it is given the time-dependence of the generated potential ¢

at different values of the parameter % A characteristic peculiarity of the

curves is the appearance of a steady state potential after the first peak.
The dependence between the steady state potential and the applied mecha-
nical load is determined by Eg. (1.33).
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Such potentials have been registered by numerous scientists [3—6], but
they were considered as artefacts. Recently, however, the steady state po-
tentials were systematically studied by Steinberg et al. The results obtained by
them confirm the real existence of the steady state potentials as experimental
fact. Thus, the obtained experimental relation between the steady state
potential and the applied mechanical stress is in conformity with Eq. (1.33).
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It is evident from the presented theory that the steady state poten-
tial decreases with the increase of the conductivity o (Fig. 1). It gives us
reason to suppose that this potential is absent at experiments where samples
characterized by high conductivity are used [3,6]. In support of it the
following arguments could be presented:

1. The curves obtained by Cochran [3] (Fig. 3) are characterized by a
considerably smaller relaxation time than those obtained by Steinberg et al.
(Fig. 2) which speaks of a greater number free electric carriers.

2. Cochran [3] also obtains steady state potentials, but rarely. At addi-
tional moisturing of the samples the measured potentials reach the zero line.
This results could be explained by the offered theory, if it is accepted that
the additional moisturing has caused increase in the conductivity of the samples.

The theoretic results are compared with the experimental results, obtain-
ed by Steinberg et al. (Fig. 2) and with the experimental ones of Cochran
(Fig. 3) in the case of an impulse of a constant load.

A result following from the presented theory is that the motion of the
electric carriers introduces relaxation properties in the stress — strain relation.
Thus, substituting in Eq. (1.14) the electric field it is obtained from (1.28).
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(2.1) e=ar—§r<e‘ N L ,Au*L))

- [gn_,,+ (2% + 1)2r2 ]t
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1o ¥ voe o8 gin 2kt Dax
‘41‘m 2k + l)‘n % L

20 (2k+1) +—~

Since the second and the third term in (2.1) depend on the quadrate
of the piezoelectric constant 4, which is a very small value, then their effect
will be negligibly small.

IIl. On the Physical Meaning of the Steady State Potential
and its Biologic Significance

The application of a constant mechanical stress on the bone sample causes
generation of electric field, which is the reason for the redistribution of the
electric charges. At the moment when the diffusion current becomes practically
equal to the conduction current

(3.1) I |

T

—9t
Y

Fig. 4
4 4~ ~ A4z
— 22100 ; curve 2 - — T4 =—
curve / o 100 ; curve 2 " 00, g= a7 9

a new stationary distribution of the electrical charges, defined by Eq. (1.31)
occurs. In Fig. 4 it is presented the distribution of the electrical charges at

different values of % It is evident that near to the boundary surfaces a
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spacial area with increased concentration of positive or negative electric
charges appear. On the other hand, it is a well known fact that the increas-
ed concentration of some ions and especially those of Cat* [7—9] influen-
ces the metabolic processes in the cells.

In the present investigations the bone sample is considered to be a
homogeneous anisotropic body. In fact, however, the bone is morphologically
and mechanically non-homogeneous. In many neighbouring microareas the
material symmetry and the mechanical properties change rapidly. That is
why it would be more correct the bone to be treated as a superposition of
micro-areas. In each one of them a non-homogeneous distribution of the
electrical charges occurs under the effect of the mechanical stress. The
electric distribution of every microarea is analogical to that presented in
Fig. 4. Thus, under the action of a mechanical stress a complex electrical
picture is formed in the bone, which will repeat to a certain extent the
morphological structure. Taking into account the available information about
the interrelation between the ionic surrounding and the metabolic processes
in the cell, it could be expected that in the electrically charged areas of the
bone a positive or negative stimulation of the cell activity will occur.

Since the steady state potentials are directly connected with the non-
homogeneous distribution of the electric charges, the author is inclined to
believe that they possess definite, biologically meaningful information.

IV. Conclusion

In the present paper a part of the results, following from the offered by
the author {2} theoretical model of electro-mechanical interaction in physio-
logic wet bones are studied. It is shown that:

— the proposed theory is in good coincidence with the experimen-
tal results;

— the calculation of the diffusion of the electrical charges leads to:

a) existence of a steady state potential;

b) non-homogeneous distribution of the electrical charges.

The auathor feels himself obliged to express his gratitude to Acad.
G. Brankov for the suggested theme and his thanks to Prof. Bassett and
Prof. Pila for the useful discussions.
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K Bonpocy 06 3nekTpoMexaHMYECKHX B3aUMOIEHACTBHUSIX
B (DU3HOMOrHUECKH MOKPHIX KOCTSIX

H. [Tempos

(Peawme)

Ha Gase panee npennoxenHoil TeopeTHueckoli MOxen# B HacTosuiedl paGore
pelleda 3ajaya reHepDHPOBAHUA Nhe303JEKTPHYECKHX NOTEHUHANOB NMPH NOAaye
HMNyJbca OT HOCTOSAHHOTO MEXAHHYECKOro HanpsxeHHs. PeayJbTaThH CpaBHH-
BAIOTCH C YaCThi0 CYWECTBYIOUMX IKCNepHMEHTaNbHLIX AanHHX. [laeTcs reo-
perHyeckoe OODBACHEHHe PEerHCTPUPOBaHHEIM MoTedunanam. [lokasauo, 4rto ¢
NOBLILIEHHEM 3/1eKTPHYECKOH NPOBOJMUMOCTH U NOHHXKeHHeM AH(PGY3HOHHOH
NOABHXHOCTH 9TH MOTEHUHAJIN [OHHXAIOTCH.

B TREPERACL SRR 8 iy
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