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1'he generat ion of electr ical  charges in human and animal bones under me-
chanical  act ions was observed for the f i rst  t img by Yasuda in 1955 [ ] .  The
classical  works of Fukada, Yasuda, Bassett ,  Becker,  Shamos and Lavine
[2-61 prove that the observed phenomenon is clue to the piezoelectr ic pro-
pert ies of the bone,

I t  is considered that the electromechanical  interact ion in the l iv ing t is-
sues has fundamentai  biological  lunct ion. Thus, according to the bone rer lo-
del l ing theory, of fered by Bassett  and Becker [4,  7] ,  the electr ical  processes,
st imulated by the deformation, inf luence the bone iormation. The possibi l i t i ,
of  applying the obtained results for control  of  the skeletal  archi tecture re-
model l ing is the reason ior the intensive study of these processes [8, 9] .
The electromechanical  behaviour of physiological ly wet bones is of part i -
cular interest.  [10-121. The experimental  results,  obtained in this case, show
the existence of high charge conduct iv i ty which l imits the val idi ty ol  the
basic equat ions of the classical  piezoelectr ic theory, concerning, as i t  is wel l
known, dielectric bodies. In lg62 Bassett and Becker made critical remarks
on the possibility of describing the electromechanical interaction of biolo-
gical . t issues.by the exist ing classical  theory [4] .  This problem is consi-
dered  in  [13 ] .

In the present studies i t  is proposed a thermodynamic model of  an
electr ical ly polar ized body in which the charge conduct iv i ty processes and
those of the chemical t ransformations are taken into account.

The studied body is considered as a superposit ion of electr ical ly pola-
r ized bone matr ix and n ionic cont inua. I t  is supposed that the elect ioneut-
ral i ty condit ion for the bone matr ix is sat isf ied. The electr ic conduct ion is
realized by the relative ionic continua motion with respect to the basic
matr ix.  The exist ing interact ion between the di f ferent const i tuents of the
superimposed body is characte r ized by mass, electr ic charge, momentum,
energy and entropy exchange. Since the part ial  mass densit ies of the ionic
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cont inua are smal l  magnitudes, i t  wi l l  be assumed that
the deformed body the mean veloci ty of the umixture"
to the individual veloci t l '  of  the bone matr ix.

I. Kinematics

IS

every poir , t  of
pract ical ly tqual

Each const i tuent is character ized by an individual equat ion of motion
( 1 . 1 )  x o : 1 t l t ( X f t i ,  t ) ,  l : 0 , 7 , 2 , .  . . ,  n .

Xp arc Cartesian co.ordinates by which we parametr ize the undeformed
state of the I  th const i tuent of the body. xp are Cartesian co-orr l inates of the
mater ial  points of al l  const i tuents which at a moment I  occupv posit ion x
in the deformed state ot the body.

A l l  va lues  marked by  l :0  a ie  re la ted  to  lhe  bone mat r ,x .
The individual veloci t ies of the body const i tuents are :

(1.2) zf  -  j ,  z , ; , tX,p,  t )  xa,  I ,  o,  t , .  .  . ,  n.

The re la t i ve  ve loc i ty  o f  the  / th  ion ic  cont inuum wi th  respec t  lo  the
basic matr ix is:
( 1 . 3 )  u t ! : Q - s t o ) ,  l , - . 1 , 2 , . . , ,  n .

The mater ial  der ivat ive referred to the l th cont inuum is:

( r .4)  # :*  , * ru , .grad.

II. Balance Equations

Partial Balance Equations

As it is noted already, each body constituent represents an open system.
That is why, in the local balance equat ions of the part ial  values, addit io-
nal- terms, account ing the exchange between the components wi l l  be involv-
ed  [1a ] .

l .  P a r t i a l  M a s s  B a l a n c e  E q u a t i o n :

/ o  r \  d  ^
( 2 . 1 )  - i ,  n '  I ( p ( ' z { 0 ) , n = -  Q ( ) ,  l - 0 ,  1 , 2 . , . . . , n ,

where 0(') and ptrl .t. ' respectively the partial mass density and the rate of
the mass supply of the I  th body const i tuent.

2 . P a r t i a l  E l e c t r i c  C h a r g e  B a l a n c e  E q u a t i o n :

(2.2) S 4o* i t )n : / t t ,  t -1 ,2 , . . . ,  n ,

yhqle q\tt, j(t\ and q\r) are the partial electric charge density, the current due
to the motion of the I  th ionic cont inuum, and the rate of the part ial  elec-
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tric charge supply, respectively. The following relations exist between the
magnitudes 4\, j!),6q ana p@, sAD, f,{tt1

g(t) _ z(rf a(J),

iQ-rQf o(t) ,

Q<u:s<ttf Vrt,

where lt) is the electrochemical valency of the I th continuum particles,
and F is Faraday constant.

3 .  P a r t i a l  M o m e n t u m  B a l a n c e  E q u a t i o n . l n t h e  g e n e r a l  c a s e
the components of a mixture are under the action of volume and surface
forces. The balance equat ion for each const i tuent is [14]:

(2.4) rf),.-t o('\( f*'- 4o'; ,*): iX,,
where T'f]*, pU)ftD and f, are the partial stress tensor, the volume force den-
si ty and the rate oi  the monrentum supply due to the interact ion between
the components.

In the present consideration the volume forces bave electric nature and
lor the different continua tbey are:

(2.5)
f*):E^*[]n,

f )  - , t t ) f  g- ,  l :  1,  2, .  .  . ,  tu
(2.5)t is the force with which the effective electric field ^E acts per unit
mass of a polarized dielectric. Zo is the polarization per unit mass. (2.5), is the
force witb whicb the electric field acts oer unit mais of an ionic continuum
with electrochemical valencv l , ) .

In the momentum balairce equations the influence of the magnetic field
is neglected, since it is well known that it affects only high rate proces-
ses  [15 ] .

Taking into account the physical nature of the ionic continua, it will
be accepted that they are not under the action of surlace forces, i. e.
(2.6) TyI:o at I: t, 2, . . . , n.

4 .  M o m e n t  o f  M o m e n t u m  P a r t i a l  B a l a n c e  E o u a t i o n .  I n
unit volume of . the bone matrix, considered as a polariz-ed dielectric,
an electr ic couple I l6J

I u: PQ)srt 'f1'6t,

Levi-Civita tensor. Consequently, the stress tensor 7(9) is not

T\q- Tq): p{ot(II1E1- E/I).

(2.3)

each
acts
(2 .7 \

where e pi i  is
symmelr ical
(2.8)

5 .  P a r t i a l  E n e r g y  B a l a n c e  E q u a t i o n s .  T h e  e n e r g y  o f  t h e
bone matrir is balanced by the work done bv the surface and the electric
forces, by lhe heat supply- and by the energy supply due to the interaction
with the other constituents
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(2.9) aat 8- ,o: TLu)vllt,uapto€o 9- Il1,4hf,3o+etol

l  p -q(: '\,
\ D t - D t l

e(r)  is the part iai  internal energy density,  e ' tot  is the rate of the internal
energy suppiy,  hf ;r  1,  ,n.  part ial  heat f lux.

The ionic cont inua are not electr ical ly polar ized and they are not under
the act ion of surface forces and consequent ly the internal energy density e{t i
is balanced only by the part ial  heat f lux h'1,  and the rate of the intert tal

energy supply i t r l ;

(2 .10)  n r , ,  A l  e ( t , :h t , t k+ ; ( t ) ,  l : t ,2 , . . . ,n .

6 .  E n t r o p y  U n e q u a l i t y .  A c c o r d i n g  t o  t h e  s e c o n d  p r i n c i p l e  o t
thermodynamics each const i tuent sat isf ies the unequal i ty:

n( l )  a
( 2 . 1 1 )  ( J e { t t  " ,  n ( , ) - h , l r . o * ' f , t  - U r , ' , '  O ,  / : 0 ,  1 , . . . , f , ,

where 4(t)  is the part ial  entrop) '  density,  6 is the thermodynamic tempera'
ture of the body, which is accepted to be the same ior al l  const i tuents,
and r1() is the rate of entropy supply in the /  th cont inuum, result ing from
its interact ion with the other const i tuents.

Total Bal.ance Equations

In the studied medium the pr inciples of conservat ion could be sat isf ied not
only for the separate const i tuents, but Ior the total  body as rvel l .  In case
of electr ical ly neutral  mixture, the,necessar) condit ions are as fol lows [14]:

(2.r2) ) iut:o,
n ' :

(2.13) zrp'; '1irrr4gr;-o,
t = 0

(2.r4) j[t,, aitr;rutp+i<,,(,r,,+-]- uguuh))],

n

(2. I 5) | lrtu 1futrutt.
l:0

The physical  meaning oi  equat ions (2.12)-(2.15) is that the interact ion
between the body const i tuents does not cause change of mass, momentum,
energy and entropy of the total  body.

Since the body under consideration is electrically charged, the following
equat ion has to be added to equat ions (2.12)-(2.15):

(2 .16)  )  F2<unat -0 .
t : l

Q{



Equation (2.16) expresses the fact that the electr ic charge ot the total  body
is conserved,

_ . The following relations, describing the total properties ol the body are
obtained atter summing equat ions (2.1)- (2.1 1) by I  and using equal ions
(2 .12) - (2 .16) :

(2. t7)

(2.r  8)

(2.1e)

(2.20)

(2.21)

where

(2.22)

is the mass density,

(2.23)

is the mean velocity

(2.24)

rs the electr ic charge

(2.25)

is the total

, 2  2 6 )

is the roral

q2.27)

is the total

d
E a+(ooe) 'e:0,

,]U

i ,  Q* j r , * -0 ,

T*^,* i QE^i pE^*17*- e fr u^:g,
D - D

ATi  u-  I  o .u,n,p-gE^- t r ,  i l ^ -hp.p-Eejp= 0,

n&,-(+.; 'rf r '; '),>0,

n: t'n'"-.,'u'
l = 0

' l  
x r

9 -- - ), pltt:4/ttt --: 
ZrQt

o _ ,
a --u

of the body,
n n

q:Z qut: ){tf stu
l : l  / : l

density,

io: Zio: ltonltot"
t : l  t : l

electr ic current,

Tn*:TLI- f n,,u,;, uo
l : t

stress tensor. From (2.26) and (2.8) i t  fol lows :
T p^- T ̂ 1,: g(E JT ̂ - E ̂ n i.

' - iJ(n,, 
t,o a f, ntuut;t uyt)

, : U

internal energy density,
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n n

(2.28) h^: ! hut-)-(o<,,ut,r +) eol'l<ltufi)aflt
/:0 l=-1

is the total heat flux,

(2.2s) 7r- Z q(ttutr:;ltte(I)ul,: i l,p
/ : l  t : l  r : r

1s the conduct iv i ty current,
(2.30) Ty,. a()uy)

is  the I  th mass f lux related to the basic matr ix.

With the help of (2.17) and (2.30) the part ial  mass balance equat ions
obtain the form:

(2.31) n P* cto1(1h:;Q,

where c(\-QolQ is the concentrat ion of the l th const i tuent.

n

(2.32) EnTo:f|hzz$tt)
I : l

is  Joule heat supply due to current conduct iv i ty.

(2.33) n:) f pt'tat't
- I:0

is  the total  entropy density.

(2 .34 ' )  .u tD- - (e ,4*1 ,  u l  u r !  -6 r t r r  
)

is the chernical  potent ial  of  the /  th body const i tuent.

l l l .  Electrostatic Equations

As it was noted above, the effect ol the magnetic iield is considerable only
at high rate processes. That is why its inlluence could be neglected. The
basic equat ions of the electr ic f ie id expressed in Gaussian unit  system have
the  fo rm:

(3.1) e 1,1,sE1,* -0

(3 .2 )  D,n :  nQ

where

(3.3) 0o'- Eu+ 4npllr

is the electrical displacement.
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From equation (3. 1) it lollows that the eiectric field admits poten-
t ial ,  i .  e, '
(3.4) Er:  -q,r

where E is the potent ial  funct ion.

lV. Constitutive-Equations

The experimental studies carried out b_r Bassett and Cochran show thai
the rel i t ion between the generated poteni ial ,  the deformation and the stress
in wet bones has ini t ia l  region in which the corresponding curves are l inear
[7, 10, l l l .  Thus, as a f i rst  step the l inear const i tut ive equat ions wi l l  be con-
sidered. Furthermore, regardless of the viscoelastic properties of the bones,
the elastic theory will be applied and the generalized forces n, Tn^, Ep, p(t)
will not depend on the generalized rates. It is assumed that the bone is not
under the effect of an external electric field. Consequently, the electric field
will be fully generated by the polarization and the nonequilibrium distribu-
tion of the electric charges. Since EpI1. in (2. 8) is nonlinear term it could
be neglected and the tensors Tf;), and Ip. will be considered symmetric.

By  means o f  equat ions  (2 .20)  and (2 . . t1 )  the  en t ropy  unequa l i t y  cou ld
he presented in the form:

I o,rQ 2 c0-  " '  I ) t
I  - l

n a

- Zfu'u + l t t f  q)* I l t-  \  , ,rt tout-B,ol ' l -_0,
t : t  l :  I

where

(4.2) r; #* Z # n,,
t : l

rs the entropy f lux.
By means of the values

(4.r) r(r-3r r- f l  ,)+ Tu^u^,^ + pE. r-) n^t

(4.3)

(4.4)

rP :  c -84 ,

7t): p(, t : lr f  a

l D u ,  D ^ \  -  n  ' '
o\$o,-+n #u) - Te^a^,*-oE^ # ,"- 

Inu<u fr cu)

+ i;:pryt+a,otr+ 2 /q;o<o.

representing the free energy density and the electro-chemicai potentials and
with the help of unequality (4.1), the second thermodynamic principle obtains
the lorm:

(4.5)

t:t / : t
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I t  is postulated that qr is a tunct ion of the smal l  strain tensor

E ir : +l ̂ i*,q t*, - xte,) + *' (xi - xjo)l
" Lu^i 0^)"' I

the temperature deviat ion 0 from i ts equi l ibr ium value 0n, the concentrat ion
deviations c(r) from their equilibrium values c[') and the polarization I1-. Con-
sidering the dependence of r / ,  on the above mentioned values in (4.5),  the
fol lowing unequal i ty is obtained :

( 4 . 6 )  J 4 + " \ !  t d u  l - \ D  , r r , ' .  ^ \ n- \  ou .  ,  uro+e\#-; rr ,) i7 '0,+o orro-Ea)f i  Ll*

, S t u'rr- 
ru,1 4 c<tt+ 2 ;r,;,,p *e,04- [ u(r);(i)=0.-r a v\ 6rut r"' I Dt t:l

The free energy density rp' is presented in the form:

(4.7) *: ,L A,,o,r,tru,i* B11uI\+f,&(o-00)r

+ + Z 7\y'(rn)(s( I ) - cp\(g{n) - ct nt) * E i t ue i i II n* K,7ei7(g - 0o)
l ,m:l

n l l

+ Z f t:j) u u(ctr) - crr r) + A4 i n i0- ifo) + I ay n,1rtt) - cf))
l : l  l : l

+ ) nurlo -90)1crrr - cgrl,
t : l

where

A,ft,: AHil: A11p6 Bii= Bil, Eip-- Eiip,

Ku-=Kri, f!?= fj!'
Since the terms in brackets in (4. 6) do not depend on the general ized

rates fr U, St rr^, -# o, ana f;, 4(r), the following relations are obtained

f rom (4.6) and (4.7):
n

(4.8) -4-- K4ell lMtIIt* ]  naryco-rfr)f K(g-06),
/ : l

l - t
(4.9) 

t"-f 
o^: Ap6;ic1i-:- E^^1II i I ) f [t)1ctu - cu) * K66(0-0e),

a: r

n

(4.10)  Ee:  Ei1ee11l  Bu,n,+ /A{n(c 
D -  c{ t )1 Mog- Q),

I : I

(4.1 l) pltt : f!!1)e4l 4,)I1i+ 2 *u^r1n^t - 4,,))+ H(4(0-e0),
m:1
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n n

I i1P tY' +o*ti + 2 pL'rio = o.
, - 1  ' l

In unequal i ty (a.12) the values i , rr ;  e .o;  t rr{r)  represent general ized ther-

modynamic forces, and I f ; i ;  1,1: o(o -generai ized thermodynamic f luxes. Ac-
cording to Onsager 's theory, val id for systems in state near to thermody-
namical equi l ibr ium the lol lowing relat ion exists :

(4 .13)

where {.E}.={"8}r is negative definite matrix. Since {tr and 17 vanish at
i \ 'J:O,o:O the matrix equation (a.13) is separated into the fol lowing two
independent system equations :

( 4  l 4 )

n
r- t  -  -  . - .

I l ) :  ) . l ( I r ) z ( s )  :  i t . t 4 -  t t q  --  
h  - i  " h m r , n  '  "  k q  

J , 4 '

s = 1

n
- {-t
I i '  2  t r { ^ , r ' )  t , .1 )  :  i ( { ^ - r . , ' 4 .^ ,

n
f r

p \ u . . .  t  
/ { a J } , r a t . ( r ,

c - l

(4.1 2)

(4. I 5)

where

Iii,J:*'[ryr"1

|t* : ifl =i(f), '.ti" -. "r'tt

are negai ive def ini te malr ices.
Solving equat ion (a.10) with respect to [ I t  i t  is obtained that tbe elec-

tr ic polar izat ion of the medium is determined by the electr ic f ie ld,  by the
temperature, the deformation and the nonequi l ibr ium concentrat ion of the
charge carriers. In the model under consideration the bone matrix arrd the
ionic cont inua are treated as cont inua f i l l ing the total  body. In fact,  the ionic
continua are isolated in phase from the boie matrix, since the current con-
duct iv i ty is real ized mainly in the bone pores, f i l led with high conduct iv i ty
physiological liquid. Because of that reason the polarization of the bone
matr ix should depend on the ionic cont inua concentrat ion only by the local
electr ic I ie id created by them. This effect,  however,  is accounted in the
eflective electric field E- wiih the help of equation (3.2). Consequently, 11.
should not be directly dependable on d/). Giounding oir similai .onsidera-
tions based on the phase isolation of the bone malrix and of the charge
catriers, the stresses in (4.9) connected rvith the nonequilibrium concentr-a-
tions c(t) could be neslected.

The constitutive 
*equations 

following from the above assurnptions and
irom equalions (4.8)-(4.il) are:



(4.16) -4:K4e4*MiIIi,* 2 ru,1Or-cf))+K(0-0n),
I :1

(4.17) 
* 

,u: Ap1;p1i* Ee11Ir,+ I(2{0-0),

(4.18) Ee: Eiipe;1{ B*ill i l Mt(0-00),

(4.19) ,r , r :  f  * ,ht(ct , ' \ -c4n))+h{r{e -00).
m : l

Since the presented const i tut ive theory is l inear,  the mass density g in
(a.9) is substituted by the initial density po.

By mear:s ol  (4.19),  the transport  equat ions (4.14) are presented in
the  fo rm:

* t  l - z  \  I  n  \
(4.20) IY,: Z ;ty")l ) Nc,tt,,t-z(')f E^la | lt,n-'1 p ylorgr"r f e,-.

. ' : r  \ f r  
- 'm -  - ^ l  ' \ "  ' 3 ' -n  

I

In the above equat ion the electrochemical valency 7{t} ,  of  al l  ionic con-
t inua are included. From a physical  point of  v iew each' ionic current de-
pends only on its charge stit6, ttris' condiiion is satisfied if :
(4.2t) hyij.. itt^6k ,
where db is Croniker symbol.  Using (4.2t)  in (4.20) i t  is obtained:

(4.22) l9:l[) N(qc\}-ll lt^1,)Ea+Ou;'*t,+i|qHU\A,n.

The proposed theory includes the case when some cont inua are electr i
cal ly neutral ,  i .  e.  ̂ I ' ) :0.  In this case the fol lowing transport  equat ions are
val id:

(4.23) ItP:19 N@d,L+Q\nu,)+lf2tttq)Ln,

i. e. the mass fluxes do not depend on the electric field.
Multiplying both sides oI (4.22) by zof , the charge current equations

are obtained:

(4.24) 7,:, :alln^+iiLc\:tr+7e$Iq^,
where

oyl: --19,/uf 20
is the speciiic electric charge conductivity tensor of the / th kind,

ufl:lp [t/{tt\,

u.tfit :|u"+t) + lylH(r.

It is worth mentioning that transport equations of the torm (4.24) are
used for description of the electric properties of the semiconductors in the
solid-state. ptysics, These equations could be obtained by statistical consi-
derations [17J,
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17l,
the

The obtained result (2.2a) is in conformity with Bassett's point of view
namely that the electric properties of the bones are similar to those of
semiconductors.

Conclusion

The obtained constitutive equations together rvith the balance equa-
tions lorm a complete system, allowing simultaneous study of the processes
of deformation, polar izat ion, of  the chemical react ions and oi  the transport
phenomena.

I t  is accepted that in the exist ing up to now models, constructed ent i-
rely on the classicai  piezoelectr ic theory, the substance accumulated at the
bone remodel l ing is determined only by the polar izat ion on the bone sur-
face [9],  or by internal electr ic f ie ld.

In contrast,  in the present paper i t  is taken into account the charge
conductivity. The deformation of the bone causes generation of surface
electr ic charges and oi  internal electr ic f ie ld.  This leads to generat ion of
internal currents and co'rsequent ly to a new distr ibut ion of the charges. The
positive charge carriers move towards the negative charged suffaces. After
certain period of t ime the di f fusion current becomes equal to the conduct i-
v i tv current,  and there wi l l  be a new thermodynamicai equit ibr ium, but the
volume area near to the negat ive surfaces wi l l  be posit ively charged. I t
means that in the region near to the negative surfaces there will be increas-
ed concentration of cations and esDecially oi Ca++. On the other hand. it
is well known that ca+* is responsible tor the cell mitosis [z]. Thus, it is
expected that the bone wili grow in these regions. The inverse prosess will
he reslized near to the positively charged surlaces.
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3nexrpovexaHuqecKue B3auMoAericrBnq B QH3HonorHqecKH
MOKpbrx Kocrfx

H. flempoe

(P  e  r  n  n  e )

Ue,' lrn pa6orbr flBJrgercs nocrpoeHne repuoAHHaMuqecKofi MoAen[ c oAHo-
BpeMeHHblM yqeroM ltpoueccos Ae$opMauHH, 3neKTpHttecKofi f ioJlf lpn3auuH,
npoueccoB rpaHcropra H xHMnqecKHx peaKuHft. [Io,lyueHHue nHIIefiHbIe KOH'
CTLITyTI{BHbIe ypaBHeHHs H ypaBHeHUff coxpaHeHHfl npeAnalalorcq B xar{ecrBe
MaTeMarHqecKofi MoAenH sneKTpoMexaHHsecKoro B3arrMoAeftcrBHfl B oHSHOro-
rI{gecKH Mor(pblx r(ocTttx.

Pesynsratu Hacroflureft pa6oru Mo)KHo ucnonb3oBarb Ant onncaHntl
nPoqeccon rroBropHono MoAennpoBaHHrr Kocreft, noABepxeHHbtx uexaHHqe'
cKofi Harpy3r(e.
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