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The generation of electrical charges in buman and animal bones under me-
chanical actions was observed for the first time by Yasuda in 1955 [1]. The
classical works of Fukada, Yasuda, Bassett, Becker, Shamos and Lavine
[2—6] prove that the observed phenomenon is due to the piezoelectric pro-
perties of the bone,

It is considered that the electromechanical interaction in the living tis-
sues has fundamental biological function. Thus, according to the bone remo-
delling theory, offered by Bassett and Becker [4, 7], the electrical processes,
stimulated by the deformation, influence the bone formation. The possibility
of applying the obtained results for control of the skeletal architecture re-
modelling is the reason for the intensive study of these processes [8, 9].
The electromechanical behaviour of physiologically wet bones is of parti-
cular interest. [10—12]. The experimental results, obtained in this case, show
the existence of high charge conductivity which limits the validity of the
basic equations of the classical piezoelectric theory, concerning, as it is well
known, dielectric bodies. In 1962 Bassett and Becker made critical remarks
on the possibility of describing the electromechanical interaction of biclo-
gical tissues by the existing classical theory [4]. This problem is consi-
dered in [13]. :

In the present studies it is proposed a thermodynamic model of an
electrically polarized body in which the charge conductivity processes and
those of the chemical transformations are taken into account.

The studied body is considered as a superposition of electrically pola-
rized bone matrix and n ionic continua. It is supposed that the electroneut-
rality condition for the bone matrix is satisfied. The electric conduction is
realized by the relative ionic continua motion with respect to the basic
matrix. The existing interaction between the different constituents of the
superimposed body is characterized by mass, electric charge, momentum,
energy and entropy exchange. Since the partial mass densities of the ionic
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continua are small magnitudes, it will be assumed that in every point of
the deformed body the mean velocity of the “mixture” is practically equal
to the individual velocity of the bone matrix.

. Kinematics

Each constituent is characterized by an individual equation of motion
(L.1) x,=1PX9, 8, 1=0,1,2,...,n

XQ are Cartesian co-ordinates by which we parametrize the undeformed

state of the /th constituent of the body. x, are Cartesian co-ordinates of the
material points of all constituents which at a moment ¢ occupy position x
in the deformed state of the body.

All values marked by /=0 are related to the bone matrix.
The individual velocilies of the body constituents are:

0
(1.2) W LX) xe, 10,1,

The relative velocity of the /th ionic continuum with respect to the
basic matrix is:

(1.3) u‘p:zﬂ;)—vg)), [-=1,2,...,n.
The material derivative referred to the /th continuum is:
pw 4 . ’
(].4) ’DT :E_ x—}—'(/().grad.

I. Balance Equations

Partial Balance Equations

As it is noted already, each body constituent representc an open system.
That is why, in the local balance equations of the partial values, additio-

nal terms, accounting the exchange between the components will be involv-
ed [14].

1. Partial Mass Balance Equation:

2.1) 7;_ o) + (VD) p= o, [=0,1,2,...,7,

where ¢ and o are respectively the partial mass density and the rate of
the mass supply of the /th body constituent.
2. Partial Electric Charge Balance Equation:

(2.2) SO, =g, 1=1,2,.. .,

where g, j) and g are the partial electric charge density, the current due
to the motion of the /th ionic continuum, and the rate of the partial elec-
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tric charge supply, respectively. The following relations exist between the
magnitudes ¢, ji), ¢» and o, v, o¥:

gP = ZOF o,

2.3) JO=ZOF g,
. bz -
g =2"F g,

where 2V is the electrochemical valency of the [th continuum particles,
and ¥ is Faraday constant.

3. Partial Momentum Balance Equation. Inthe general case
the components of a mixture are under the action of volume and surface
forces. The balance equation for each constituent is [14]:

) D(l) -
(2.4) T J0 = v ) =P,

where T, o0f) and Pff.) are the partial stress tensor, the volume force den-
sity and the rate of the momentum supply due to the interaction between
the components.

In the present consideration the volume forces have electric nature and
for the different continua they are:

f$)=EM.ka»
(2.5)

fO=2"FE,, I=1,2,...,n
(2.9), is the force with which the effective electric field E, acts per unit
mass of a polarized dielectric. 17, is the polarization per unit mass. (2.5), is the

force with which the electric field acts per unit mass of an jonic continuum
with electrochemical valency 2.

In the momentum balance equations the influence of the magnetic field
is anlected, since it is well known that it affects only high rate proces-
ses [15].

Taking into account the physical nature of the ionic continua, it will
be accepted that they are not under the action of surface forces, i. e.

(2:6) TH =0 at I=1,2,...,n
4. Moment of Momentum Partial Balance Equation. In

each unit volume of. the bone matrix, considered as a polarized dielectric,
acts an electric couple [16]

(2.7 ’Qk:Q(O)eki/'I]iEj,
where ¢, is Levi-Civita tensor. Consequently, the stress tensor T® is not
symmefrical

(2.8) TO—TO = OIIE,— E/I).
5. Partial Energy Balance Equations. The energy of the

bone matrix is balanced by the work done by the surface and the electric

forces, by the heat supply and by the energy supply due to the interaction
with the other constituents
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D D “
(2.9) 0O D O T, lvf’(').)k_*_Q(O)Ek_D_t a4 6

D pDw
(717 =7Dt‘)'

¢ is the partial internal energy density, ¢ is the rate of the internal
energy supply, A is the partial heat flux.

The ionic continua are not electrically polarized and they are not under
the action of surface forces and consequently the internal energy density &%
is balanced only by the partial heat flux A{» and the rate of the internal

energy supply PO
() -
(2.10) o0 D e h) 10, 1=1,2,.., .

6. Entropy Unequality. According to the second principle of
thermodynamics each constituent satisfies the unequality:

D(l) ~
@.11) 000 o — D - Gr0=-0, [=0,1,. .., n,

where 5 is the partial entropy density, # is the thermodynamic tempera-
ture of the body, which is accepted to be the same for all constituents,

and 7 is the rate of entropy supply in the /th continuum, resulting from
its interaction with the other constituents.

Total Balance Equations

In the studied medium the principles of conservation could be satisfied not
only for the separate constituents, but for the total body as well. In case
of electrically neutral mixture, the necessary conditions are as follows [14]:

n

(212) 2 o0 =0,
=0
n
(213 2 (PP -+ )=,
=0
n
(2.14) [ &0 1 D + g z)( 04 ug”u(,?)J,
{=0 )
(2.15) 2(7;(1)+£;(”77(”')-
=0

The physical meaning of equations (2.12)—(2.15) is that the interaction
between the body constituents does not cause change of mass, momentum,
energy and entropy of the total body.

Since the body under consideration is electrically charged, the following
equation has to be added to equations (2.12)—(2.15):

n
(2.16) D Fatigh=0.
=1
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Equation (2.16) expresses the fact that the electric charge ot the total body
is conserved. )

The following relations, describing the total properties of the body are
obtained after summing equations (2.1)—(2.11) by | and using equations
(2.12)—(2.16):

o
(2.17) 7 ot @7 (@), =0,
d .
(2.18) 75[ q+]k‘k:0,
(2.19) Tamt +9Em+ 0EmalT— ¢ 5 Un=0,
D D ~
(220) QT)’[ E—Tkm'(lm,k—QE,,, br Hm—hk'k—EkijO,
D ' SR,
(2-21) @E~n~<g&+g-r 1«;{)*20,
where
(2.22) Q= 19(1) ~ 0

is the mass density,

n
(2.23) I %Z’Qu)fvw )
=0

is the mean velocity of the body,

n

(2.24) q_—_Z’ qmzzzw"i'gm
=1

=1
is the electric charge density,

n

n
(2.25) Je= 0= DT 2gtigh

=1 =1

is the total electric current,
n
12.26) Thm=TO — 30l uth
{==]

is the total stress tensor. From (2.26) and (2.8) it follows:
Tkm_ mk=Q(Eka'“EmHk)~
1 v 1
(2.27) e zé’(gweu)_f_ + o) u;‘))

is the total internal energy density,
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(2.28) - f:‘: hﬁ,’l’—éj(g‘%‘“ + % g(”ug”u;’))uf,?

is the total heat flux,

(2.29) Jr== j q(t)ug>:jgl)g<z)ug): Zn'fg)
=1 =1 =1

is the conductivity current,

(2.30) T¢ - gWu®

is the [th mass flux related to the basic matrix.

With the help of (2.17) and (2.30) the partial mass balance equations
obtain the form:

D ~
(2.31) e 1 C([)+I§e{’;e= o),
where ¢@=gW/p is the concentration of the /th constituent.

(2.32) E,jx= 4%'5&22“’1},{’
=1

is Joule heat supply due to current conductivity.

n

(2:33) ne= % Sty

=0
is the total entropy density.

1
(2.34) uh = (e<l)+§ u;"ug’~9n<“)

is the chemical potential of the /th body constituent.

lIl. Electrostatic Equations

As it was noted above, the effect of the magnetic field is considerable only
at high rate processes. That is why its influence could be neglected. The
basic equations of the electric field expressed in Gaussian unit system have
the form:

(3.1 eomtE1m =0
(3:2) @k,k =4nq
where

(3.3) D, E,+ 4nolls

is the electrical displacement.
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From equation (3.1) it follows that the electric field admits poten-
tial, i. e.

(3.4) Ey=—q\
where ¢ is the potential function.

[V. Constitutive-Equations

The experimental studies carried out by Bassett and Cochran show that
the relation between the generated potential, the deformation and the stress
in wet bones has initial region in which the corresponding curves are linear
[7, 10, 11}. Thus, as a first step the linear constitutive equations will be con-
sidered. Furthermore, regardless of the viscoelastic properties of the bones,
the elastic theory will be applied and the generalized forces n, Tym, £, u®
will not depend on the generalized rates. It is assumed that the bone is not
under the effect of an external electric field. Consequently, the electric field
will be fully generated by the polarization and the nonequilibrium distribu-
tion of the electric charges. Since ElT, in (2. 8) is nonlinear term it could
be neglected and the tensors 7) and 7., will be considered symmetric.

By means of equations (2. 20) and (2. 31) the entropy unequality could
be presented in the form:

D D

n
D o8y = ¢)+ TumOma 4 oF

n
D

Il + ) () = ()

= Pt rm*l,_l oI g ¢

N g~ 8, Iy =0,

=1

: n
— D +20F ), 10—
=1

where
(42) [ty 3
is the entropy flux. .

By means of the values
(4.3) w=¢—Hhn
(4.4) wh= L ADVF g

representing the free energy density and the electro-chemical potentials and

with the help of unequality (4.1), the second thermodynamic principle obtains
the form:

"
Dy D D 7 D
(4.5) Q(ﬁt_+ o 9) ~ TomUm e —0Em br H,,w—l%l ou® DE e

n n
+ YR8l S0

=1 =1
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It is postulated that y is a function of the small strain tensor
1
EU— [0/\’(0) ()Cj XO Pt ’( ) (X, X(O))]

the temperature deviation 6 from its equxhbnum value 6,, the concentration
deviations ¢ from their equilibrium values c{ and the polarization I1,. Con-

sidering the dependence of v on the above mentioned values in (4.5), the
following unequality is obtained:

48 oS} pr0te(at—1 Tu) gy ento st —Eu) gy

n

n
E' Oy n) D ; ‘ 1 o <=
* (o — ’)776‘”7“12] HOID £ 8aly - D u g0,

=1
The free energy density y is presented in the form:

1 1 1
(4.7) y=1 Aiteistrt+5 BiyllIlj+ = k(B—08o)
7 Z NUmY (D — (DYt — clm)) + E iy e+ Kigei (8 — B)
{,m=1

Z Deigc® — e+ MAT(H— 1) + D GOIT ()~ )

=1 ==

+ D HOO o) — e,

I=1
where
Aipr= Aniiy=Ajiaty Bij=Bji, Eipr==Ejiry
Ky=Ky, FP- F}.
Since the terms in brackets in (4. 6) do not depend ou the generalized

D D . . .
rates Br 6, DF tm 17 H,, and c(”, the following relations are obtained

from (4.6) and (4.7):

(48) —n = Kijeyy+ Mill;+ X HO(CO— D)+ K(5—85),
I=1
(4.9) '—Tk,,, = Ak,,,_,js,j—-EhmHl 2‘7:(1) cB— Cm) Kum(e 80),
l._..
(4.10) Ej=Eijyey+ Byl + ZG;;)(C D)+ My(8—8o),

(4.11) uh=F e+ GOII, + ZNum ¢ — clm) + HO(6—B),

m=1
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n

(412 X100ty + Yoo <o,
(=1

{=1

In unequality (4.12) the values ;TSQ; 0y 1D represent generalized ther-

-

modynamic forces, and /{V; /; o' — generalized thermodynamic fluxes. Ac-
cording to Onsager’s theory, valid for systems in state near to thermody-
namical equilibrium the following relation exists:

nd

I grad u
(4.13) 1" 1 ={8}| graan |,

ol w'h

where {8}=={£}" is negative definite matrix. Since /(» and ;7 vanish at
1;(2:6,;;:0 the matrix equation (4.13) is separated into the following two
independent system equations:

n

1= 2 K 4

=1
(4 14) *
n
e 2 M T
S=
”
(4.15) o= Yo,
s=1
where

(Is) — (80 — jUs) .aisr. . .(s0)
}'km /’km - /'mk’ ¢ )

are negative definite matrices.

Solving equation (4.10) with respect to [T, it is obtained that the elec-
tric polarization of the medium is determined by the electric field, by the
temperature, the deformation and the nonequilibrium concentration of the
charge carriers. In the model under consideration the bone matrix and the
ionic continua are treated as continua filling the total body. In fact, the ionic
continua are isolated in phase from the bone matrix, since the current con-
ductivity is realized mainly in the bone pores, filled with high conductivity
physiological liquid. Because of that reason the polarization of the bone
matrix should depend on the ionic continua concentration only by the local
electric field created by them. This effect, however, is accounted in the
effective electric field £, with the help of equation (3.2). Consequently, I7,,
should not be directly dependable on V. Grounding on similar considera-
tions based on the phase isolation of the bone matrix and of the charge
carriers, the stresses in (4.9) connected with the nonequilibrium concentra-
tions ¢® could be neglected.

The constitutive equations following from the above assumptions and
from equations (4.8)—(4.11) are:
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(4.16) —~n=Kyjey+ MIT+ > HO(ch—c) + K(B—8,),

=1

(4.17) i = Aptiserj+ EpnedT; + Kpi(6—9,),
(4.18) Ek:Ei,-ke;j+BkiH;+M,,(6—80),
n
(4.19) wh= 3TNUm(clm _ clm) L Y6 — 8,
m=1

Since the presented constitutive theory is linear, the mass density ¢ in
(4.9) is substituted by the initial density g,.

By means of (4.19), the transport equations (4.14) are presented in
the form:

(4.20) IO= 2;;;;;3< D N6l —26)°F E,,,)+(l(ln+“+ Zzggﬁm)e,,,.
§= r=1

s=1

In the above equation the electrochemical valency z®, of all ionic con-
tinua are included. From a physical point of view each ionic current de-
pends only on its charge state. This condition is satisfied if:

(4.21) 20 - 200 5is
where 8% is Croniker symbol. Using (4.21) in (4.20) it is obtained:
(4.22) IP=3) N 3D 20E 4 (A4n-D LA HDY
The proposed theory includes the case when some continua are electri
cally neutral, i. e. 2¥=0. In this case the following transport equations are
valid :
(4.23) 1P=20) N + (Aln+ D) 4 2D FHDNG
i. e. the mass fluxes do not depend on the electric field.

Multiplying both sides of (4.22) by 2%, the charge current equations
are obtained:

(4.24) JO =0 E ot ) ) D8,
where
= =i F >0
is the specific electric charge conductivity tensor of the /th kind,
M= AN,
W=D+ O,
It is worth mentioning that transport equations of the form (4.24) are

used for description of the electric properties of the semiconductors in the

solid-state physics, These equations could be obtained by statistical consi-
derations [17).
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The obtained result (2.24) is in conformity with Bassett’s point of view
[7), namely that the electric properties of the bones are similar to those of
the semiconductors.

Conclusion

The obtained constitutive equations together with the balance equa-
tions form a complete system, allowing simultaneous study of the processes
of deformation, polarization, of the chemical reactions and of the transport
phenomena.

‘ It is accepted that in the existing up to now models, constructed enti-
rely on the classical piezoelectric theory, the substance accumulated at the
bone remodelling is determined only by the polarization on the bone sur-
face [9], or by internal electric field.

In contrast, in the present paper it is taken into account the charge
conductivity. The deformation of the bone causes generation of surface
electric charges and of internal electric field. This leads to generation of
internal currents and coasequently to a new distribution of the charges. The
positive charge carriers move towards the negative charged surfaces. After
certain period of time the diffusion current becomes equal to the conducti-
vitv current, and there will be a new thermodynamical equilibrium, but the
volume area near to the negative surfaces will be positively charged. It
means that in the region near to the negative surfaces there will be increas-
ed concentration of cations and especially of Cat+. On the other hand, it
is well known that Cat+ is responsible for the cell mitosis [7). Thus, it is
expected that the bone will grow in these regions. The inverse prosess will
he realized near to the positively charged surfaces.
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DneKTpOMeXaHNUeCKHe B3aUMOJEHCTBUS B (DU3HONOrHUECKH
MOKPBIX KOCTSX

H. [Tempos
(Pe3siowme)

Lleabio paboTel ABAsIETCH MOCTPOEHHE TEPMOLHHAMHUYECKOH MOJeNH C OJLHO-
BpPEMEHHBIM y4eTOM npoueccoB HedOPMALHH, 3NEKTPHYECKOH NONAPH3ALHH,
MPOLECCOB TPAHCHOPTa U XHMHUYECKHX peakuuil. [lonyyenHble JaHHEHHBIE KOH-
CTHTYTHBHHE YDaBHEHHS M YPaBHeHHS COXpaHeHWdA MPEANAralTcsi B KadecTse
MaTeMaTHIeCKOH MOAENH 3JIEKTPOMEXAHWYECKOro B3aHMOLEHCTBHs B GU3HOJIO-
FHY€CKH MOKDBIX KOCTSIX.

PeaysbTathl HacTosuwell paGoTH MOXHO HCMOJAb30BaTh AAd OMNHCAHHA

NpoLeccoB MOBTOPHOrO MONEIMPOBAHMHA KOCTeH, MOJABEPKEHHHX MeXaHHie-
CKO# Harpyske.
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