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Abstract

A mathematical model for streaming potentials in an osteon is proposed, taking into account the

microstresses in the vicinity of the Haversian Canal. With the help of the finite element method, a boundary
problem for the fluid pressure amplitude in the osteon is investigated when the bone sample is subjected to
harmonic loading. A numerical analysis of the intra-osteonal potential is performed. It is found that there
exists an azimuthal asymmetry which increases with the enlargement of the Haversian Canal. The results of
the numerical modeling of the intra-osteonal potential are in accordance with the available experimental

data.

INTRODUCTION

It is well known that bone possesses electromechanical
properties which may have an important biological
function in stress related bone remodeling. In a set of
recent articles (Johnson et al., 1980; Johnson et al,
1982; Gross et al., 1982; Pienkowski et al, 1983;
Pollack et al., 1984; Anderson et al., 1970; lannacone
et al., 1979) two independent physical mechanisms
responsible for the electromechanical behavior of
bone, have been proposed—piezoelectricity and elec-
trokinetics. The first is connected with the stress-
generated electric charge separation in the bone
matrix while the second one involves streaming poten-
tials induced by the consolidation of the bone matrix
during deformation. The authors have concluded that
both mechanisms are operative, however, in physio-
logically wet bone streaming potentials quantitatively
dominate.

The microelectrode studies of stress generated po-
tentials (SGP) (Pienkowski et al., 1983; Iannacone et
al., 1979; Starkebaum et al., 1979; Pollack et al., 1979)
gave the opportunity to consider these potentials as a
function of the bone morphology. The intra-osteonal
potentials which have been obtained are characterized
by large nonhomogeneity, approximate azimuthal
symmetry and ‘cusp-like’ shapes (decreasing potential
approaching the Haversian Canal on the compression
side and increasing on the tension side of a bent bone
specimen) due to the influence of the Haversian Canals
and the cement lines of the osteons.

Recently, a model was developed for streaming
potentials in the osteons (Pollack et al., 1984) based on
reasonable structural considerations and on first prin-
ciples of electrokinetic theory and continuum mech-
anics. Many of the experimental results obtained by
different authors for micro- and macropotentials in
physiologically wet bone were explained with this
model for the first time. In this way the suggestion that
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an electrokinetic effect was the origin of the observed
SGP’s was confirmed. The principal limitation of that
madel was that the microstress concentration around
the Haversian Canal was ignored. According to
Pollack et al., (1979) ‘the SGP’s may be larger in
amplitude at the Haversian Canal because of the stress
concentration that occurs at the Haversian Canal’ and
the radial symmetry of these potentials ‘can not be
explained on the basis of a macrostress analysis, since
the stress concentrators around an isolated hole
would not result in such apparent symmetry’.

The aim of the present paper is to investigate the
contribution of the microstresses on the azimuthal
distribution of the streaming potentials in the osteon.
Using the finite element method, the distribution of
the intra-osteonal potential has been computed nu-
merically at different values of the anatomical par-
ameters and at various frequencies of sinusoidal load-

ing.
PHYSICAL MODEL

Because of the complex anatomic structure of the
bone it is reasonable to make the following simplifying
assumptions:

1. The Haversian Canal of the osteon is considered
as a cylindrical hole in a continuous isotropic medium.

2. The fluid pressure influence on the equilibrium
deformation state of the matrix is taken to be small as
the concentration of the fluid in compact bone is of
order of 10%.

3. The fluid flux at the cement line of the osteon is
taken to be equal to zero. That is not a consequence of
an impermeability of the external surface of the os-
teon. We have in mind that the fluid pressure, and
correspondingly the streaming potential, has a local
extremum at the boundary between two osteons,
which is in accordance with the experimental data for
the micro-SGP’s (Pollack et al., 1979).

4. The fluid pressure in the Haversian Canal is
constant and is taken to be zero. This corresponds to
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the condition that the Haversian Canals in the exper-
imental bone sample are open to atmospheric
pressure.

According to Onsager’s theory for an isotropic
medium the following relations are valid in the
absence of a diffusion flux:

Q=—a;,VP+a;,Vé (1
J=a,,VP—a,,V¢ (2)

where the generalized fluxes Q and J are the fluid
volume flow rate per unit area and the total electrical
current density respectively; the generalized forces are
the gradients of the fluid pressure P and the electrical
potential ¢; a,, is the hydraulic permeability of the
material, a,, is the electrical conductivity of the
material, a,, is an electrokinetic coefficient, which
depends on the fluid viscosity, the Zeta potential and
the dielectric permitivity of fluid.

When very high input impedance voltameters are
used to measure electrical potentials during defor-
mation induced flow, J in equation (2) can be taken as
zero so that the convective term must be equal and
opposite to the conductive term in equation (2) hence

a2
Vp=—"VP. 3)
a2

Defining the streaming potential to be equal to zero
at the Haversian Canal, integration of equation (3)
gives

$p=—2p. @
az;
In this way the problem for the computation of the
streaming potential field is reduced to one of the fluid
pressure field.

MECHANO-MATHEMATICAL MODEL

According to the Biot theory of consolidation (Biot,
1941) and the above simplifying assumptions the time
dependence of the fluid pressure, P, is described by the
equations:

oP 0*P & ¢
-~ =K, 5t +K2?’I(X, Y1) (5)
¢

ot ox:oy?
cpP
P(a)=0, —-| =0 (6)
cr r=R

where K| and K, are rheological constants, X and ¥
are Cartesian coordinates in the plane defined by a
transverse section through the osteon [the micro-
SGP’s are measured (Starkebaum et al., 1979) across
the transverse sections of the osteons from sections cut
transverse to the long axis of the femur of cows],
I (X, Y, t)is the trace of the stress tensor, @ and R are
radit of the Haversian Canal and the cement line of the
circular cross-sectioned osteon respectively, and r is

the radial coordinate in the coordinate system located
at the center of the Haversian Canal.

In the microelectrode studies two deformation
modes were considered—dynamic four-point bending
and cyclic uniform compression. In the first mode of
loading, the stress distribution across the sample can
be considered linear with one half of the specimen in a
state of compression, the other half in a state of
tension. As the dimensions of the osteons are much
smaller than the sample, the stress amplitude in pure
bending in the region of a single osteon does not differ
significantly across the osteon. As a result, the stress
state in pure bending can be taken as the same as that
induced by macroscopic homogeneous deformation.
That is why in both modes the stress state in the
vicinity of the Haversian Canal can be approximated
with the stress field which arises around the cylindrical
hole in a homogeneous medium, subjected to uniaxial
loading at infinity. In this case the trace of the stress
tensor is given by the sum of the radial and azimuthal
stress (Timoshenko et al., 1970) expressed in Cartesian
coordinates as

27)12
I(X,7Y, t):s(t)[l—2azm2—)2:| (7)

where s(t)=s, €" is the applied time-dependent stress
at infinity, directed along the X-axis.

From equations (5), (6) and (7) the following dimen-
sionless boundary problem for the complex amplitude
of the fluid pressure is obtained:

¢ P P +iwl (X, P)=0 8)
— =W w 5 =
ox e

Pla)=0, —| =0 9)

p
F=1

where P is the complex amplitude of the pressure
defined by the expression

P=K,soPe™
and
_ X _Y _r _ R?
X=—, Y=—, Fr=—, w=—w
R R R K,
and
(X 7) 202 X*-Y?
> - R2 ()?2-1-)_’2)2 :

Having in mind equation (4), the results for the
dimensionless amplitude of the fluid pressure can be
directly used for the evaluation of the intra-osteonal
potential.

Equations (8) and (9) can be transformed into a
system of linear algebraic equations using the
Galercan method of finite elements. By symmetry it is
necessary to solve the problem in only one quadrant
and Fig. 1 shows the mesh used to evaluate P at each
node. Discretization of the problem is achieved by
defining a system of nodes at X¥, where X* is the
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Fig. 1. Finite element grid shown for one quadrant of an
osteon where « is the radius of the Haversian Canal.

position of the Kth node, and interpolation functions

v&(X) where
K vl I, K=L
=Y G ke (10)

Approximating P as P, where

P=Y PKK(X) (11)

1 M=

K
and where PX are the values of P at X¥ then equation
(8) becomes

ot 0t . _ -
—+———iw |P+iwl (X, Y)=¢ 12
where ¢ is the error resulting from the approximation
introduced in equation (11). Multiplying equation (12)
by vK(X), replacing P by equation (11), and using
appropriate vector identities gives

N N
— z (V\‘L(X)‘V\'K(X) ﬁl‘—jw Z (VK(X)VI‘(X))ﬁL
L=1 L=1
N
+iRI (X, YR+ Y V(K (X) V(X)) PE

L=1
=aK(X). (13)

Integrating over the volume V, and using the Galercan
condition that

J ek (X)dV=0 (14)
vV
gives
N
> (Skp+iwCyp) PP=RX 4+ FX (15)
L=1
where
sK,‘"J Vik(X)- VK (X)dV (16)
v
CKsz KX vHX) dV (17)
v
R,\,ziwj‘ 1(X, Y)vA(Xx)dv (18)
Vv

The surface integral in equation (20) is obtained from
equation (19) by the divergence theorem and, using
equation (11), can be rewritten as

FK=J Y (X) (VP )Norma dS 2n
N

and is evaluated by the boundary conditions at ¢ and
R (equation 6) such that Fy=0.

Equation 14 is evaluated for each P", the absolute
magnitude being the amplitude of the fluid pressure at
each node L and the phase being the phase relative to
the applied stress. From equation (4), the solution to
the pressure gives the solution to the stress-generated
potential.

RESULTS AND CONCLUSIONS

Figures 2 and 3 show equipotential lines of the peak
(real) amplitude normalized by the maximum value for
a typical osteon whose ratio of the Haversian Canal
radius to the radius of the cement line (a/R) is equal to
0.27. The applied stress is taken as sinusoidal with a
dimensionless frequency w=0.01 in Fig. 2 and w=0.1
in Fig. 3.

The azimuthal asymmetry caused by the stress
concentration around the Haversian Canal can be
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Fig. 2. Equipotential lines of normalized peak potential in
an osteon with a/R=0.27 and w=0.01.
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Fig. 3. Equipotential lines of normalized peak potential in
an osteon with a/R=0.27 and w=0.1.
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characterized by defining the parameter @, where

P %
max max

y
max

= 1
and where ¢, is the maximum value of the normal-
ized peak potential in the y direction (this occurs at the
cement line) and @3, is the same in the x direction.
Figure 4 shows ¢ as a function of a/R. The dashed
portion of the curve is an extrapolation to ¢=0 at
a/R=0. For typical osteons for which a/R is between
0.2 and 0.3, ¢ is approximately equal to 0.3 and
reaches a value of 0.42 when a/R =0.5. It is interesting
to note that values of a/R greater than 0.5 can be found
in osteons in severe osteoporotic cases and in such
cases this asymmetry is quite large.

The radial dependence of the potential from the
Haversian Canal to the cement line has been described
(Starkebaum et al,, 1979) as cusp-like. This is com-
puted along the y axis for w=0.01 and is plotted in
Fig. 5. ¢” is normalized by ¢?,,,and the y coordinate is
normalized as shown. The solid curve shows the
results obtained here and the data points are taken
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Fig. 4. Normalized azimuthal asymmetry in the maximum
value of the potential as a function of the ratio of the
Haversian Canal radius to the radius of the cement line (a/R)
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Fig. 5. The radial dependence of the potential along the y-

axis (¢”) normalized by the maximum value of the potential

(¢1.) at the cement line vs the normalized y-coordinate.

Solid curve is the result of the numerical method used here.

The points are data from the literature (Iannacone et al.,
1979; Starkebaum er al., 1979).
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Fig. 6. The potential at the cement line at x =y (¢ 3.0 (®@))
normalized by the same potential at w— o, (¢.) (w = )

plotted as a function of w. The phase ® of ¢ (W) normal-

ized by the phase of ¢, (W = o) is also shown as a function
of w.

from the literature (lannacone et al., 1979;

Starkebaum et al., 1979). Reasonable agreement is
obtained indicating that the cusp-like potentials are
also predicted by this numerical approximation.

The microstresses within the osteon are equal to the
macrostresses only along the direction x =y according
to equation (7). The maximum value of the potential
¢ray along this axis (i.e the value of the potential at

max
the cement line) and the phase are shown in Fig. 6 as a
function of the dimensionless frequency w. ¢X.) is

normalized by the value of ¢}, when w — oc. The
functional form of the curves in Fig. 6 are the same as
those derived by Salzstein et al. (1987) for the ampli-
tude and phase of the macropotentials for a bent beam
of bone. This suggests that the same physical mechan-
ism is responsible for the micropotentials in bone as
for the macropotentials as originally proposed by

Pienkowski et al. (1983).
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