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ABSTRACT. The objective of the present study is to present a new ap-
proach to explaining the experimentally observed relaxation times at
stress induced fluid flow in bone. The principle idea is based on the
assumptions for fluid exchange between the lacunar-canalicular system
and the matrix micro-porosity. The basic difference between the present
concept and the concept exploited by Cowin and co-workers (1994, 1995,
1997, 1998, 1999) is in the acceptance of interstitial fluid flow at the micro-
structural level. Cowin and co-workers entirely reject the idea of fluid
exchange between the lacunar-canalicular porosity and micro-porosity,
which is in contradiction with the physiological point that each bone
compartment including the micro-porosity should be fluidly acceptable
for metabolic exchange processes. On the base of mathematical analysis
of anatomical model of Petrov and Pollack (2000) the experimental ob-
servation of two relaxation times, at step type bone samples loading, is
explained quantitatively for first time in the literature.
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1. Introduction

Based on heuristic scheme of Piekarski and Munro (Fig. 1) [1] for
osteonal lacunar-canalicular net, Pollack et al. [2] developed mathematical
model for a system of independent lacunae each connected to Haversian canal
with a set of canaliculi. The principle preposition of this model was that ef-
fective elastic moduli would be used for describing the interaction between
the lacunar fluid and bone matrix and consequently for modelling the canalic-
ular fluid transport. Excellent agreement was found with the experimental
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Fig. 1. Shematic osteonial model of Piekarski and Munro

data measured by Pienkowski [3] for samples composed of many osteons. This
mathematical model was extended later by Kufahl and Saha, [4] for a series
of lacunae and canaliculi as in Piekarski and Munro [1]. Weinbaum et al. [5]
and Zeng et al. [6] used the Kufahl and Saha model introducing a hypothetical
existence of a glycocalyx matrix structure within the canaliculus. The presence
of the fiber network occupying the inner one half of the radius of the canalicu-
lus with the osteocytic process results in sufficient increased drag to enable
this model to predict the experimentally observed order of the relaxation time
constant of the order of 1,0 sec. There are, however, some principle problems
connected with the Weinbaum et al. model. One of them is the assumption
that the total water within the micro-porosity compartment is in a frozen state
and is not free to flow. They base their argument on Neuman and Neuman’s
work [7], in which they centrifuged a single synthetic specimen of L-apatite
and found that enough water was retained to account for a 100 Angstrom film
that accounted for all the bound water. This work, however, was not done on
bone. In addition, there is the implicit assumption in Neuman’s interpretation
that in the bone micro-porosity there are no dead ended pores. The existence
of dead ended pores would change tremendously the interpretation of the Neu-
man experiment. From Newman’s model of the porous space in L-apatite and
from gas adsorption studies, Weinbaun et al. [5] concluded that the water in
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bone was bound water with thickness of 100 Angstroms. This value is however
in absolute conflict with the current conception that for a wide set of materials
the shear layer (or slip plane) thickness at the water-solid interface is about 10
Angstroms. The other problem of Weinbaum et al. model is the accepted 6
to 7 nM spacing of their glycocalyx. It would "filter” the flow in tracer stud-
ies and prohibit the movement of ferritin into the lacunar-canalicular spaces,
which will cause serious disagreement with extensive experimental results by
many authors (Dillaman, [8]).

2. New mathematical model for stress induced fluid flow in
osteon at instantaneous loading

To take into account the fluid exchange between the microporosity
compartment and lacunar canalicular system Pollack and Petrov [9] extended
their model [2] and the model of Kufahl and Saha [4]. The respective master
equations are:
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Fig. 2. Scheme of the fluid balance sources in one representative finite volume
element (J,. exchange fluxes)
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{]5} and {P} are vectors composed by microporosity and lacunar pressures

PE and PE| respectively, for K-domain (Fig. 2). The values VOCZ, Vo, R, £ M
cereh ) Ky, Ky, n, S and L are, respectively, lacunar-canalicular porosity
and microporosity volume fractions, effective canalicular radius, canalicular
fluid viscosity, ability of the fluid exchange between the lacunar-canalicular and
microporosity compartments, effective shear and bulk modulus of bone matrix,
bulk modulus of fluid, number of the canalicule in lacunar — canalicular series,
uniaxial stress and lacuna to lacuna distance. One can see that the model is
dependant on only three parameter combinations, namely — 7, 7, 5 (5).

3. Relaxation times problem

By eliminating {P} into equations (1) we obtain for lacunar-canalicular
pressure
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where [I] is unit matrix.

The formal mathematical solution of the equation (3) and (1)2 is
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where the relaxation times in equations (3) are generated by the equations
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and M is the number of lacunae in lacunar-canalicular series (Fig. 1). Typical
anatomical feature for M, for mature osteon, is 4, 5 or 6.
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The continual extrapolations of the discrete equations (3) are
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where u is the position point (the distance from Haversian canal). Conse-
quently the lacunar-canalicular and microporosity pressures on the cement line
(osteonal periphery is u = (2M + 1)L/2)) are
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As typical case we shall chouse, in our osteonial model, five lacunae in
series first connected with Haversian canal, which means M = 5. The constants
C™ are subjected to initial condition (1)3. Consequently we have

(8) Ct'=1,26, C*=0,4, C*=0,21, C*=0,12, C°=0,05.

Also because of the size of the test electrode in streaming potential mea-
suring equipment [3], [10], [11] the results for the streaming potentials should
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Table 1
Data from Model T T I}
Pienkowski [3] Petrov and Pollack [9] 0,02 1,1 1,2
Sample BT3-90-7 Kufahl and Saha [4] 0,03 — 0,0
Pienkowski [3] Petrov and Pollack [9] 0,03 2,2 1,1
Sample BT3-90-8 Kufahl and Saha [4] 0,04 — 0,0
Otter et al. [11] Petrov and Pollack [9] 0,05 2,1 1,6
in vitro Kufahl and Saha [4] 0,09 — 0,0
Otter et al. [11] Petrov and Pollack [9] 0,04 2,1 0,6
in vivo Kufahl and Saha [4] 0,05 — 0,0

[

100 % e - experim. data from Otter, (1992, fig.6), in vitro

m - experim. data from Otter, (1992, fig8), in vive

— - theoretical eurves predicted by the new model

o - theoretical values predicted in the limit of the
model of Kufahl and Saha, (1980) for in vitro data

o - theoretical values predicted in the limit of the

medel of Kufahl and Saha, (1990) for in vive data
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Fig. 3. Model predicted fluid pressure responses to step-function load and the least
square approximations of the experimental curves with the theoretical model of
Petrov and Pollack [9]
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be compared to the fluid pressure in lacunar-canalicular compartment, but not
to the fluid pressure in microporosity compartment, which is not accessible for
the electrode. By the same size scale reason, topographically, all measurements
should be concerning with respect to the osteonial cement line, but not to the
oseonal inside. As it was mentioned before, the present mathematical model
is dependent only on three parameter combinations, namely — 7, 7, 8. That
is why it is convenient they to be used as fitting parameters for theoretical
approaching to experimental decay curves. In Table 1 [9] are represented the
respective values, obtained by least squares method — minimization of the sum
of squares of the differences between the theoretical and experimental curve
[10, 11]. The fitting ability of the model is demonstrated by Fig. 3 [9].

4. Only two relaxation times appear in all step type loading
experiments

If we substitute the values for 7, 7, 3 processed for sample BT3-90-7
(Table 1), into (4) and (8); we obtain
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It is of importance, in processing the experimental curves to omit all
amplitude with magnitude of about a few percents or less with respect to
the top value. Also it should be mention that the rise time at step loading,
for the cited quasi static experiments, is about 0,03 sec, which leads to not
observability of all process components with decay time of the same or smaller
value. Therefore, we have

This result is in perfect accordance with the experimental data. The
step loading type experimental studies of Pienkowski [3], Otter at al. [11]
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and others clearly demonstrate two decay times. The same conclusion, after
processing, could be done for all cited here relaxation type experimental curves
of Pienkowsky [3] and Otter et al. [11].

For the micro-porosity on the cement line we may predict

P, ¢ ¢
cement — 1,46 exp <-—————> —0,19exp (-—————> -
Py

(11)

t t
—0,43 exp <—m> + 0,21 exp <—m> .

Opposite to the case of lacunar-canalicular pressure relaxation, the
theory predicts that the microporosity pressure relaxation is described by four
relaxation times, however till to now such a experiment of measuring the mi-
croporosity pressure is not yet done.

5. Conclusions

First, it was demonstrated for relaxation type experiments that the
model is capable of an excellent fit to the multi-time-constant experimental
data using only three parameter combinations, namely 7, 7, 3 instead of ten
anatomical parameters and physical constants.

Second, the model avoids the use of hypothetical assumptions for frozen
state of the microporosity fluid and the existence of structured glycocalyx
within canaliculus.

Third, the observation of only two relaxation times, at step type bone
samples loading experiments, is explained quantitatively for first time in the
literature.
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